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1. Introduction
The aim of this paper is to prove that any smooth conformal vector ﬁeld of a smooth 2-dimensional pseudo-Riemannian
manifold, deﬁned on the manifold except a point, can be smoothly extended to the whole manifold provided its conformal
factor (i.e. the function a in the forthcoming system (1)) is bounded. Here, and in what follows, by pseudo-Riemannian
metric we mean a non-degenerate metric with arbitrary signature. Unless otherwise speciﬁed, we work in the C∞ case: the
word “smooth” stands for C∞ . By H(Ω), being Ω an open set in R2, we denote the class of holomorphic functions on Ω .
In more precise words, we prove the following
Theorem 1.1. Let g be a smooth pseudo-Riemannian metric on a 2-dimensional manifold M and p ∈ M. Then any smooth conformal
vector ﬁeld of g|M\{p} can be uniquely extended to a smooth conformal vector ﬁeld of g if and only if its conformal factor is bounded.
This is always the case if the metric is of Lorentzian type.
As by-product, we obtain similar extension results for homothetic and Killing vector ﬁelds.
The assumption on the boundedness of the conformal factor of the conformal vector ﬁeld is not always satisﬁed: indeed
the conformal vector ﬁeld 1/z = 1/(x + iy)  (x/(x2 + y2),−y/(x2 + y2)) of the Euclidean metric on R2 \ {(0,0)} has
2(y2 − x2)/(x2 + y2)2 as conformal factor. Moreover, we notice that 1/z cannot be extended in (0,0) to a holomorphic
function. This phenomenon does not appear in the Lorentzian case: indeed the conformal factor of a conformal vector ﬁeld
is automatically bounded.
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point p. For this reason, without loss of generality, we shall consider this problem in the open unit disk D of R2 with
center (0,0).
The proof of the theorem is based on the fact that any 2-dimensional pseudo-Riemannian manifold is, locally, conformally
ﬂat [2,4], in the sense that in a neighborhood of any of its points there always exists a system of coordinates (x, y) where
the metric tensor is either functionally proportional to dx2 + dy2 (Riemannian case) or to dxdy (Lorentzian case). In the
proof of the theorem we will keep these two cases distinguished.
It is well known that to a 2-dimensional Riemannian metric a complex structure is associated, provided we choose
an orientation. Any conformal vector ﬁeld u∂x + v∂y turns out to be a holomorphic vector ﬁeld: its components satisfy
the Cauchy–Riemann equations so that the function u + iv is a holomorphic function. Thus the problem of extending this
kind of vector ﬁelds reduces to a problem of extending holomorphically to the whole disk a holomorphic function (in one
complex variable) deﬁned on the disk except a point. We shall prove that this extension is possible as the holomorphic
function associated to a given conformal vector ﬁeld satisﬁes a suitable estimate.
In the case of a Lorentzian metric, a para-complex structure is canonically associated to it, given essentially by the
hyperbolic rotation. In this case the conformal vector ﬁeld turns out to be para-holomorphic in the sense of [1] (see also
the end of Section 2.2 for further details), and the proof of Theorem 1.1 reduces to a direct computation based on the
discussion of the conformal-Killing equations.
2. Proof of Theorem 1.1
A necessary and suﬃcient condition for a vector ﬁeld X to be a conformal vector ﬁeld of a metric g on M is that the Lie
derivative X(g) of g along X is proportional to g by a function a ∈ C∞(M) which we call the conformal factor of X w.r.t. g .
In local coordinates (x, y) such condition is described by the following system of PDEs⎧⎪⎨
⎪⎩
ug11x + vg11 y + 2g11ux + 2g12vx = ag11
ug12x + vg12 y + g12ux + g22vx + g11uy + g12v y = ag12
ug22x + vg22 y + 2g12uy + 2g22v y = ag22
(1)
where gij are the components of the metric tensor g and
X = u(x, y)∂x + v(x, y)∂y .
As pointed out in the introduction, the problem of extendability of a conformal vector ﬁeld of g|M\{p} to M can be localized
in a neighborhood of the point p. For this reason, we will focus our attention on the unit open disk D of R2 with center
in the origin (0,0). So, we can reformulate the problem as follows: if gij ∈ C∞(D) are given and u, v,a are functions in
C∞(D \ {(0,0)}) solving (1) in D \ {(0,0)} with a bounded, is it possible to extend them to C∞ functions in D solving (1)?
Our strategy is to prove that (u, v) can be smoothly extended to D and then to deduce immediately the extendability of a
from system (1), which will be solved by construction by the extended functions.
We split the proof of the theorem in two cases (Riemannian and Lorentzian) according to the signature of the metric g
at the point p.
2.1. The case in which g is a Riemannian metric
In this case, there exist (conformal) coordinates (x, y) on D such that
g = e2 f (dx2 + dy2) (2)
where f ∈ C∞(D). We may assume that fx and f y are bounded, up to considering a smaller disk. In the above coordinates,
system (1) is equivalent to the following one⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ux + u fx + v f y = a
2
uy + vx = 0
v y + u fx + v f y = a
2
(3)
where a is bounded in D \ {(0,0)}.
Remark 2.1. The property of the conformal factor of a conformal vector ﬁeld X on D \ {(0,0)} to be bounded on D depends
a priori on the metric we are considering and not on its conformal class. Indeed, if X is a conformal vector ﬁeld of (2) with
a as conformal factor, namely X(g) = ag , denoting by geucl the Euclidean metric, we have
ae2 f geucl = X
(
e2 f geucl
)= 2e2 f X( f )geucl + e2 f X(geucl).
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bounded if and only if X( f ) is bounded. But we do not have this property a priori in view of the singularity of X in (0,0).
This explains why we cannot work directly with the Euclidean metric.
Going back to system (3), if we subtract the third equation from the ﬁrst one we obtain
ux − v y = 0
which together with the second equation gives the Cauchy–Riemann equations. So, we arrive to the following conclusions:
1. the function h(x, y) := u(x, y) + iv(x, y) is a holomorphic function on the domain where the solution (u, v) lives;
2. there exist positive constants K1, K2 such that |ux| K1(|u| + |v|) + K2 on such domain (in view of the ﬁrst equation
of (3) and the boundedness of function a).
Therefore, in this case, Theorem 1.1 is proved if we show that a function h(x, y) := u(x, y) + iv(x, y) satisfying conditions 1
and 2 above on D \ {(0,0)} can be extended to a holomorphic function on the whole disk D . This is essentially the content
of Proposition 2.3, whose proof needs the following lemma.
Lemma 2.2. Let h ∈ H(D \ {(0,0)}). If ρ ∈ (0,1), set
r(ρ) := 1
2π
π∫
−π
∣∣h(ρeiθ )∣∣2 dθ, w(ρ) := 1
2π
π∫
−π
∣∣h′(ρeiθ )∣∣2 dθ. (4)
Assume that there exist two positive constants C1,C2 such that
w(ρ) C1r(ρ) + C2
for every ρ ∈ (0,1). Then h extends holomorphically to D.
Proof. We can expand h in Laurent series about the origin:
h(z) =
∑
n∈Z
anz
n =
∑
n∈Z
anρ
neinθ
where z = ρeiθ is such that 0< |z| < 1. By differentiating term by term we obtain
h′(z) =
∑
n∈Z
nanz
n−1 =
∑
n∈Z
nanρ
n−1ei(n−1)θ .
Moreover, since h is analytic in ρ , we can differentiate term by term with respect to ρ to obtain
∂h
∂ρ
=
∑
n∈Z
annρ
n−1einθ = h′(z)eiθ .
Then
w(ρ) = 1
2π
π∫
−π
∣∣∣∣ ∂h∂ρ
(
ρeiθ
)∣∣∣∣
2
dθ. (5)
We note that, by Parseval identity,
r(ρ) =
∑
n∈Z
|an|2ρ2n. (6)
By the deﬁnition of r(ρ), using (5) and applying the Cauchy–Schwartz inequality, we have that
r′(ρ) = 1
2π
d
dρ
π∫
−π
h
(
ρeiθ
)
h¯
(
ρeiθ
)
dθ = 1
2π
π∫
−π
(
h¯
(
ρeiθ
) ∂h
∂ρ
(
ρeiθ
)+ h(ρeiθ ) ∂h¯
∂ρ
(
ρeiθ
))
dθ
 1
π
π∫ ∣∣∣∣ ∂h∂ρ
(
ρeiθ
)∣∣∣∣∣∣h(ρeiθ )∣∣dθ  2w(ρ)1/2r(ρ)1/2  w(ρ) + r(ρ)
−π
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r′(ρ) (C1 + 1)r(ρ) + C2, ρ ∈ (0,1).
By Gronwall’s lemma, r(ρ) is bounded in (0,1) and from (6) we have that a−m = 0 for any m ∈ N, i.e. h is holomorphic
in D . 
Proposition 2.3. Let h = u + iv ∈ H(D \ {(0,0)}). If
|ux| K1
(|u| + |v|)+ K2
in D \ {(0,0)} for some positive constants K1 , K2 then h extends holomorphically to D.
Proof. For any ρ ∈ (0,1) and θ ∈ [−π,π ] we can write
h = u + iv =
∑
n∈Z
(αn + iβn)ρneinθ .
It follows that
u =
∑
n∈Z
(
αn cos(nθ) − βn sin(nθ)
)
ρn, v =
∑
n∈Z
(
αn sin(nθ) + βn cos(nθ)
)
ρn.
In view of the Parseval identity we have
1
π
π∫
−π
∣∣v(ρeiθ )∣∣2 dθ = ∑
n∈Z
n =0
(
α2n + β2n
)
ρ2n + β
2
0
2
,
1
π
π∫
−π
∣∣u(ρeiθ )∣∣2 dθ = ∑
n∈Z
n =0
(
α2n + β2n
)
ρ2n + α
2
0
2
which yield
π∫
−π
∣∣v(ρeiθ )∣∣2 dθ =
π∫
−π
∣∣u(ρeiθ )∣∣2 dθ + C1
where C1 = π(β20 − α20)/2. This implies
π∫
−π
∣∣h(ρeiθ )∣∣2 dθ =
π∫
−π
∣∣u(ρeiθ )∣∣2 dθ +
π∫
−π
∣∣v(ρeiθ )∣∣2 dθ = 2
π∫
−π
∣∣u(ρeiθ )∣∣2 dθ + C1.
We can apply the same reasoning to the function h′ = ux + ivx and we obtain
π∫
−π
∣∣h′(ρeiθ )∣∣2 dθ  2
π∫
−π
∣∣ux(ρeiθ )∣∣2 dθ + C2 (7)
for some new constant C2. Now, from the hypothesis it follows that |ux| 2K1|h| + K2. Therefore, in view of (7), we have
that
π∫
−π
∣∣h′(ρeiθ )∣∣2 dθ  16K 21
π∫
−π
∣∣h(ρeiθ )∣∣2 dθ + 8π K 22 + C2.
Recalling the deﬁnition of r(ρ) and w(ρ) (see (4)), the previous estimate yields
2πw(ρ) 32π K 21r(ρ) + 8π K 22 + C2
which eventually implies h extends holomorphically to D in view of previous lemma. 
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In this case there exist coordinates (x, y) on D such that
g = e f dxdy
where f ∈ C∞(D). In these coordinates, system (1) is equivalent to the following one
⎧⎨
⎩
vx = 0
u fx + v f y + ux + v y = a
uy = 0.
(8)
Any solution (u, v) of (8) such that u, v ∈ C∞(D \ {(0,0)}) extends to a C∞ solution on D . Indeed the third equation says
that function u depends only on x. This implies that the value u(x, y) with (x, y) ∈ ([−1/2,1/2] × [−1/2,1/2]) \ {(0,0)} is
equal to u(x,1/2) so that function u is smoothly extendable in (0,0). The same reasoning holds also for function v thanks
to the ﬁrst equation of (8). We conclude that (u, v) is extendable in (0,0), and satisﬁes also the second equation of (8).
Therefore, Theorem 1.1 is completely proved.
To end this section, we relate the above result with para-complex geometry. A para-complex structure is an endomor-
phism J on TM such that J 2 = IdTM and the two eigendistributions T±M := ker(Id ∓ K ) have the same rank and are
integrable [1]. As pointed out in the introduction, it is possible to associate a para-complex structure with any Lorentzian
metric: indeed it is enough to consider as J the hyperbolic rotation. In this context, by analogy with the complex case,
para-complex numbers are those of the form z = ξ + τη, with τ 2 = 1, ξ,η ∈ R. Conjugation is given by z¯ = ξ − τη.
Equivalently, we can write z = ex + e¯ y, where e = 1/2(1 − τ ) and e¯ = 1/2(1 + τ ). Following [3], (x, y) are called null
coordinates. A function h : R2 → R2 is said to be para-holomorphic if ∂h
∂ z¯ = 0: it can be written in the form h = eh1 + e¯h2
with h1 = h1(x) and h2 = h2(y), where (x, y) are null coordinates [3]. Of course, in view of ﬁrst and third equations of (8),
function (x, y) ∈R2 
→ (u(x, y), v(x, y)) ∈R2 is para-holomorphic.
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